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ANALYSIS OF SOUND PROPAGATION IN DUCTS USING
THE WAVE ENVELOPE CONCEPT
by Kenneth J. Baumeister
Lewis Research Center
SUMMARY
A finite difference formulation is presented for sound propagation in a rectangular
two-dimensional duct without steady flow. In the numerical analysis, the continuous
acoustic field is lumped into a series of grid points in which the pressure and velocity at
each grid point are separated into real and imaginary parts. Before the difference equa-
tions are formulated, the governing Helmholtz equation is first transformed to a form
whose solution does not oscillate along the length of the duct. The transformation is
valid for problems in which a plane pressure wave is assumed to exist at the duct en-
trance. This transformation reduces the required number of grid points by an order of
magnitude, and the number of grid points becomes independent of the sound frequency.
Physically, the transformed pressure represents the amplitude of the conventional
sound wave. Example solutions are presented for sound propagation in a one-dimensional
straight hard-wall duct and in a two-dimensional straight soft-wall duct without steady
flow. These numerical solutions are in good agreement with the exact analytical results.
The numerical solution shows evidence of the existence along the duct wall of a develop-
ing "acoustic pressure diffusion boundary layer" which is similar in nature to the con-
ventional viscous flow boundary layer. In order to better illustrate this concept, the
wave equation and boundary conditions are written such that the frequency no longer ap-
pears explicitly in them. The frequency effects in duct propagation can be visualized
solely as an expansion and stretching of the suppressor duct.
INTRODUCTION
The level of noise regulations currently being proposed for new aircraft requires the
use of acoustic suppression in the inlet and exhaust ducts of their engines. For suppres -
sor ducts of infinite length and uniform area, flow, impedance, and so forth, analytical
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methods (refs. 1 to 18) have been successfully applied. The analytical methods use the
technique of separation of variables to obtain a complex eigenvalue formulation in which
the eigenvalues are determined by various numerical techniques. The analytical tech-
niques, however, become difficult to apply to the more complex acoustic transmission
problems in ducts which are nonuniform due to variations in axial area and flow (refs. 19
to 23).
The numerical difference technique is an attractive alternative to the analytical tech-
niques for complex acoustic liner design problems which consider area variations, im-
pedance changes along the duct, and large flow gradients. In references 24 to 26, the
numerical difference technique has been applied to the problems of sound propagation in
two-dimensional straight hard- and soft-wall ducts with and without steady flow. How-
ever, the full potential of the application of the finite difference technique to the more
complex problems mentioned has not yet been realized.
In the numerical analysis, the continuous acoustic field is lumped into a series of
grid points in which the pressure and velocity at each grid point are separated into real
and imaginary parts. One of the principal reasons why the finite difference technique
has not yet been applied to the more complex problems is the large computer storage re-
quirements (ref. 24). Since the solution matrix for the acoustic flow field is not positive
definite, conventional iteration techniques cannot be used to solve the difference equation.
As stated in reference 24, before the finite difference formulation can be applied to more
complicated problems which require a large number of grid points, iteration techniques
or more efficient closed-form matrix solutions will have to be developed to overcome
present grid-size limitations.
The work reported herein was conducted to reduce the number of grid points nec-
essary to solve a given problem by the finite difference technique. This reduction is ac-
complished by the use of a spatial transformation of the sound pressure. First, the gov-
erning acoustic wave equation is transformed to a new form whose solution eliminates the
usualacoustic sound pressure oscillations which occur in the axial direction along the
duct. This transformation is accomplished by using the well-known analytical solution
for pressure propagation in a hard-wall duct as a base for the complete solution. The
transformation is used for problems in which a plane pressure wave is assumed to exist
at the duct entrance.
If the inlet pressure profile is in the form of a high-order radial mode rather than a
plane wave, the transformation used for plane wave propagation may not be appropriate
or advantageous. For such cases, an extension of the transformation technique to a
wider class of initial conditions is presented in an appendix of this report.
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WAVE ENVELOPE CONCEPT
This section reviews the previously published (refs. 24 to 26) finite difference
theory and shows how this past work suggests the transformation which is applied to the
governing equations.
Wave Equation
The operation of a typical turbojet suppressor using (for example) a Helmholtz res-
onator as a noise absorber is shown schematically in figure 1. The noise source shown
in figure 1 has associated with it some initial pressure profile and some entering acous-
tic energy flux represented by the -symbol I' (intensity). The entering acoustic energy is
dissipated along the length of the duct by viscous action within and associated with the
Helmholtz absorbers imbedded in the walls of the duct. The acoustic particle fluid veloc-
ities ux and u' shown in figure 1 play an important role in the dissipation process asy
well as in the transmission of the acoustic energy along the duct.
The governing equation describing the propagation of acoustic energy is the wave
equation. The two-dimensional form of the wave equation without steady flow is given by
a2 p , a2 P' 1 a2 p
- + - (1)ax2 2 , c 2  2
ax?2  ayt2  c2 at2
In this equation, the prime is used to denote a dimensional quantity. These and all other
symbols used in the report are defined in appendix A.
As customary for steady state, the solution for the pressure is assumed to be of the
complex form
P'(x,y',t) = P0 (x ,y )eiWt (2)
The final solution for pressure is represented by the real part of this complex repre-
sentation of the pressure. Substitution of equation (2) into equation (1) and introduction
of the following dimensionless parameters
P P (3)
3
(4)
y : Y
H
yield the classic Helmholtz equation
a2p a2P 2aP+ P+ (2n7) P =0 (5)
ax 2  av 2
where the dimensionless frequency 77 is given as
Hw Hf H (6)
2r c c X
The frequency parameter 77 represents the ratio of duct height H to acoustic axial wave-
length X for the geometry shown in figure 1.
Figure 2 represents the same duct in dimensionless coordinates. The dimensionless
transverse coordinate y ranges from zero to 1 while the dimensionless axial coordinate
(length) x ranges from zero to L/H. The dimensionless pressure P has in general
both real and imaginary parts; thus,
P(x, y) = P(1)(x, y) + iP(2)(x, y) (7)
Consequently, equation (5) can be broken into its realand imaginary parts by substituting
equation (7) into equation (5),
a 2p (1) a2p (1) 2 (1)+ - + (2n) 2 p(1)= 0 (8)
ax ay2
a2 p(2) a2 p (2) 2)S + - + (277)2 p( ) = 0 (9)
2  y2
For simplicity, these two equations can be represented as a single equation
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a2p(J) a2 p(J)
S+ + (27n) 2 P (J) = 0 (10)
ax2  ay2
where J equals 1 or 2. Now, the solution of equation (10) will be investigated for the
simple case of a plane pressure wave propagating in a hard-wall duct. From this simple
example, a transformation of equation (5) will logically follow.
Hard-Wall Duct
Consider the propagation of a plane pressure wave into a hard-wall duct of length
x = L/H with a pc exit impedance. The pc exit impedance results in an absence of
reflected waves; thus, the transverse pressure profiles are the same as in an infinite
duct. For hard walls, the transverse pressure gradient is zero. Therefore, for one-
dimensional sound propagation in the x-direction, the dimensionless wave equation (5)
reduces to
+ (2A7) 2 P 0. (11)
ax 2
For an initial amplitude wave of unity
P = 1 at . x=0 (12)
and an exit impedance
Z =pc at any x > 0 (13)
the solution for the spatial pressure P is readily found analytically by a closed-form
integration of equation (11) to be (see any acoustic text or appendix B of ref. 24)
P = e - i2 x (14)
or
P = cos 27r~x - i sin 27ix (15)
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Thus, in terms of the real and imaginary pressures which are used in the numerical
solutions
p(1) = cos 2r7x (16)
p(2) = -sin 27Trqx (17)
Numerically, the same results can be found by finite difference solution of equa-
tion (10). In appendix B of reference 24, the pressure profile associated with a hard-
wall finite-length duct with a pc exit impedance (eqs. (16) and (17)) is shown to be iden-
tical to that of an infinitely long duct with no reflected waves.
Finite Difference Grid Spacing
As was mentioned in the INTRODUCTION, in a finite difference numerical analysis,
the continuous acoustic field is lumped into a series of grid points in which the pressure
at each point is separated into real and imaginary parts. The grid points for the hard-
wall-duct problem are shown in the sketch in figure 3. As mentioned earlier, because
there is no variation of pressure in the y-direction in the hard-wall duct, the general
two-dimensional grid lattice (fig. 4) can be reduced to a one-dimensional lattice as shown
in the sketch in figure 3.
In reference 24, the numerical and analytical values of the pressure were computed
for the special case of a hard-wall duct with an L/H of 1 and an inlet plane wave with a
dimensionless frequency 77 equal to 1. The analytical and numerical values of the acous-
tic pressure profiles along the duct are shown in figure 3. The pressures calculated at
the finite difference grid points by the numerical finite difference technique are shown by
the square symbols on the graph. As seen in figure 3, the agreement between-the numer-
ical and analytical results is good.
By a series of numerical calculations, the number of grid points necessary to get
pressure profiles, velocities, and intensities accurate to about 4 percent was found to be
(ref. 24)
n > 127 (18)
Thus, for the unit frequency (i7 = 1) and unit length (L/H = 1) shown in figure 3, about 12
grid points were necessary to describe adequately the sinusoidal form of the spatial
pressure dependence. If the frequency is doubled (77 = 2), clearly twice as many points
6
(24 points) will be required to describe the wave. For the general two-dimensional prob-
lem in which pressure gradients exist in the y-direction, the total number of grid points
becomes
(Total number of grid points) = mx n 12mt() (19)
where m represents the number of grid points in a column in the transverse direction,
as shown in figure 4 for a two-dimensional grid. A value of m = 10 was found to be suf-
ficient. Clearly, as discussed in the INTRODUCTION, large values of -7(Hf/c) or L/H
greatly increase the computer storage and running time.
Soft-Wall Duct
In a soft-wall suppressor the amplitude of p(1) and p(2) decreases in the axial di-
rection down the length of the duct because of acoustic energy dissipation at the wall.
This observation is shown in figure 5. However, the basic axial variation of the pressure
wave is similar to that in a hard-wall duct. Thus, the number of grid points in the axial
direction still depends on frequency 77 and dimensionless duct length L/H, as shown in
equation (18).
Next, a concept is considered which eliminates the dependency of the total number of
grid points on 77 and L/H.
Envelope Transformation
Consider the example case of a soft -wall duct with an L/H of 3 and an inlet plane
wave with a dimensionless frequency 71 equal to 1. A typical p(l) pressure profile in a
suppressor duct is shown in figure 6 by the heavy solid line, while the dashed lines repre-
sent the envelope of the solid pressure wave amplitude. From equation (18), the number
of grid points n needed should be about 36. However, if the basic Helmholtz equation (5)
could be transformed so that it would describe the envelope (dashed lines) of the pressure
rather than the pressure wave itself, the 36-point requirement could be greatly reduced.
As shown in figure 6, five points are used to describe the pressure envelope.
The assumption is now made that the spatial pressure P(x, y) can be separated into
two parts as follows:
P(x, y) = p(x, y)f(x) (20)
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where f(x) represents the term which accounts for axial oscillations and p(x,y) repre-
sents the amplitude of the oscillations. For the problems with a uniform pressure wave
entering a soft-wall duct to be considered herein, the analytical solution for pressure
propagation in a hard-wall duct is used for f(x). Thus, from equation (14)
f(x) = e-i27x (21)
or since f can also be broken into its real and imaginary parts
f = f(1) + if(2) (22)
Thus,
f(l) = cos 2n7x (23)
and
f( 2 ) = -sin 2u nx (24)
The utility of the assumed form of f(x) rests on the numerical solution for p(x,y) being
a smoothly varying function.
The analytical theory (ref. 3) indicates that if the inlet pressure profile is in the
form of a higher order radial mode rather than a plane wave, or if two or more higher
order radial modes propagate through the duct (cut on), the axial propagation wavelength
may be considerably different from the wavelength associated with hard-wall-duct propa-
gation as given by equation (21). In this case, the assumed form of f(x) could lead to
large ripples in the solution for p(x). Although the governing differential equation is
valid even if ripples are present, a sparse axial grid system will no longer produce ac-
curate predictions of pressure and acoustic intensity. However, for such cases, an ex-
tension of the transformation technique to a wider class of initial conditions is presented
in appendix B.
Next, equations (20) and (24) are used to establish the transformed form of the gov-
erning equations and boundary conditions.
TRANSFORMED EQUATIONS AND BOUNDARY CONDITIONS
The governing differential equation and boundary conditions are introduced in this
section of the report. The boundary conditions are first presented in dimensional form
and then made dimensionless.
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Transformed Acoustic Pressure Field
The Helmholtz equation (5) represents the governing equation for pressure in the
duct. Substitution of equations (20) and (21) into equation (5) yields the governing
equation
_2 +82P - i4_ 1  ~ p= 0 (25)
ax 2  y
2  ax
Just as with the pressure P, the dimensionless pressure p has in general both real and
imaginary parts. Thus,
p(x, Y) = p(1) (x,y) + ip(2) (x, ) (26)
Consequently, equation (25) can be broken into its real and imaginary parts by substitut-
ing equation (26) into equation (25),
a2 p(1) a2 p(1) + 4 (2)
+ + 4?r77 j (27)
ax 2  y2 ax
2p (2) 2P(2 4 (1)+ - 4 q ap = 0  (28)
ax2 2 ax
For simplicity, these two equations can be represented as a single equation
2P + a2PJ (-1)J 477 p K ) - 0 (29)
ax 2  ay 2  ax
where J equals 1 or 2 and K equals 2 or 1, respectively.
The two equations represented by equation (29) are the basic governing equations for
noise propagation which are solved later in this report by a difference formulation. As
can be seen in equation (29), the real component of p, p(1), is coupled to the imaginary
part p(2) through the term containing the dimensionless frequency i7. Recall that in the
Helmholtz equation (5) the real and'imaginary terms are not coupled in the governing
equation. The p(l) and P( 2 ) pressures, however, are coupled in the boundary condition
as is also the case for the transformed pressures p( and p(2)
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Acoustic Particle Velocity
The boundary conditions in acoustics are generally given in. terms of impedances
which relate the pressure and velocity fields at the boundary. For no mean flow, the
acoustic velocity field can be expressed in terms of pressure from the momentum
equation
p = - VP (30)
which for a harmonic solution of the form given by equation (2) reduces to
u i'P (31)
pw
In terms of the velocities, equation (31) becomes
, i aP'
u x - (32)pw 8x'
' i aP'
y pw ay
In terms of the dimensionless parameters, equations (32) and (33) become
•P
ux = 1 - (34)
ax
u = i (35)
ay
where
u = p~ u (36)
PA
These velocities expressed in terms of the transformed pressure become
ux (27Tp + i e-i 2 7nx (37)
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u = ie-i27r x ap (38)
Y ay
Impedance Boundary Condition
In the transverse direction, the acoustic impedance at the walls is defined as
Z - at y=0 and 1 (39)
U'y
The impedance Z is now replaced by the impedance ratio C, which is defined as
= Z = + ix (40)
PC
Substituting equation (33) into equation (39) and introducing the dimensionless parameters
yield the following expression for the impedance ratio at the walls:
=-i2i P  at y =0 and 1 (41)
Or the pressure gradients at the walls becomes
aP _ -i27T P at y = 0 and 1 (42)
ay p
It is convenient to express the reciprocal of the impedance ratio in terms. of the
acoustic conductance ratio K and the acoustic susceptance ratio a; that is,
-K - i (43)
where 1/ is called the acoustic admittance ratio. Therefore, equation (42) becomes
-= -2fr-(a + iK)P (44)
ay11
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Substituting the expression for the transformed pressure (eq. (20)) yields
_p = -2?(o + iK)p (45)
which is the same form as equation (44). Finally, expressing equation (45) in terms of
its real and imaginary parts gives
p(J) _2=7 p(J) ( +l)J p(K) K] at y=0 and 1 (46)
Exit Boundary Condition
The exit condition to be presented now allows the numerical solutions to be compared
to the analytical results for wave propagation in an infinitely long duct. The entrance re-
gion of length L in an infinitely long duct with uniform impedance will not have reflec-
tions at any position in the duct. The wave propagation in the entrance region of the in-
finite duct can be represented with a finite length of duct L by closing the exit impedance
at L so that no reflections occur. Consequently, if the exit condition in the numerical
analysis is chosen to eliminate reflections at the exit of the duct, the numerical and ana-
lytical results should be in close agreement.
The exit impedance is defined as
P,Z(x,y) = at x =L (47)
U
x
For a plane wave propagating in a hard-wall duct, the condition for no reflections at the
duct exit is an exit impedance of pc. The pc exit impedance is now used as the exit im-
pedance for the soft-wall duct. This assumed exit condition was used and tested in ref-
erence 24 and shown to give good agreement between the numerical and analytical results.
Substitution of pc for Z in equation (47) gives, after some algebraic manipulations,
aP - -i21TP (48)
ax
Equation (48) can be expressed in terms of the transformed pressure by substituting
equations (20) and (21) into equation (47). This yields
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ap = 0
ax
or (49)
ax
The zero slope reflects the assumption of a uniform pc exit impedance.
Entrance Conditions
For the entrance pressure profile, the assumption used by Rice (ref. 3) of a uniform
profile is used herein. This assumption is compatible with the assumed transformation
parameter f(x) defined in equation (2). For a uniform pressure profile,
p(1) (0, y) = 1
and (50)
p( 2 ) (O,y) = 0
in terms of the transformed pressure
p(1) (0,y) = 1
and (51)
p(2) (0,y) = 0
Axial Acoustic Power
The sound power which leaves a duct and reaches the far field is related to the axial
intensity. The axial intensity can be expressed as
I' = 1 ee (P*u) (52)
2
or in terms of the dimensionless parameters, equation (52) can be written in dimension-
less form as
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I= 1 Re (P*u x )  (53)
where
I = 2 p I (54)
A
For a hard-wall duct with a pc exit impedance, I is identical to 1 for all frequencies
and duct lengths (see appendix B of ref. 24).
In terms of the complex representation, the expression for I becomes
I= 1 p(2) aP(1) - p(l) ap(2) (55)2 [ x ax J
Expression P(l) and P( 2 ) in terms of the transformed pressures p(1) and p(2) yields
I = p ( 1) 2 + p(2)2 1 (2) ap ( 1 )  (1) ap(2) (56)
277 ax ax
The total dimensionless acoustic power is the integral of the intensity across the test
section
Ex= / I(x,y)dy (57)
By definition the decrease in decibels of the acoustic power from 0 to x can be
written as
AdB = 10 log 10  (58)
FINITE DIFFERENCE FORMULATION
The continuous system is now reduced to an equivalent lumped-parameter system by
means of a finite difference approximation. Instead of a continuous solution for the pres-
sure, it is determined at the isolated grid points as shown in figure 4.
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For problems where the gradient is specified at a boundary, such as in our acoustic
problem, the integration method for generating the finite difference approximation is con-
venient to use. The basic difference equations are determined by integrating the approx-
imate differential equation over a unit cell, as shown in figure 7. The cell is enclosed by
the dashed lines which are spaced midway between the grid lines (not shown). The grid
lines would go directly through the grid points. Thus, the integration of equation (29)
over the cell becomes
L V 2 - (- 1)J 4r ap(K) dA = 0 (59)
f ell ax
By applying :Green's theorem for the plane region, equation (59) becomes
p(dS - ( 1)j 4p(K) dA = 0 (60)
aN ,cell ax
where dA is a differential area element of the unit cell, dS is the differential length on
the boundary of the unit cell, and N is the outward normal to the cell boundary.
As usual, the difference formulation approximates the first derivatives as follows:
ap Pi+l j - Pi, (61)
ax 1  Ax
2
p Pi,j Pi-1,j
apj 
-1 -i (62)
ax Ax
ap Pi+1,j - Pi-1,j (63)
ax j 2 Ax
ap I i, j+1 Pi, j (64)
ay.. 1 Ay
2
and so forth.
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Difference Equations
Cell 1 - central. - The integration equation (60) is now applied to the central region
of the duct, labeled cell 1 in figure 7. In evaluating the surface integrals in equation (60),
the gradients are assumed to be constant on each side of the cell, and the interior pres-
sure gradient is evaluated at the average pressure gradient over the cell; that is,
dA- p(K) dA (65)
ell x x cell
Thus, equation (60) becomes
- (J) ( 1+2 + 2 ] (j) (j Ax 2 pfJ)
1 j 1 j 2 Ay J i I, Ay +1
- (- 1 )J 27? Ax p j + (- 1)J 21r Ax p 0 (66)
For a difference equation very similar to equation (66), some intermediate algebraic
steps involved in the derivation are presented in appendixes C and D of reference 24.
Cell 2 - wall. - Now consider the difference equation which applies in cell 2, which
is adjacent to the upper boundary in figure 7. For this unit cell, equation (60) can be ex-
pressed as
II\ J)w j AXN 2Q Ax2 (J) 1 (J)
! + y 1+ 1A+ 2 xAy oi m p2 i+l,m
(-1) AX (,K)mJ + ( - 1) 27Ty pm + ( - 1) 7r Ax P1, m = 0 (67)
where equation (46) was used to evaluate ap(J)/ay along the wall. A similar equation
applies at the lower wall.
Cell 3 - exit. - In a similar manner, the difference equation which applies to cell 3
is found to be
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(J) 1 I (J) IAx2 1Ax\2 (J)
(-21)  Ax ) + (-1) 2 Ax p(K) = 0 (68)PEnn ,nj3+
where equation (49) is used to evaluate ap /ax at the exit.
Cell 4 - corner. - Finally, the difference equation for cell 4 is
1 (J) (J) 1 2  2
1 pQ-)1, I 1m 1 + 1 + /AX + 2n77 A p(J)
- (-1)J  A p x Pn- 1, m + (-1) J 7 K + ) AXP(K)p = 0 (69)
n-m Ty-n,m
Axial Intensity
The axial intensity I was evaluated from equation (56) by using the following four-
point differentiation formula (ref. 27)
ap 1 (-llpi + 18 Pi+l - 9 P i+2 + 2pi+3) (70)ax 6 Ax
for the points adjacent to the boundaries and
ap _ 1 &(Pi- 2 - 8Pi- 1 + 8Pi+l -Pi+2 )  (71)
ax i 12 Ax
for central points.
The total intensity across the test section, as given by equation (57), is written in
difference form as
Ei i, 1 Ii, j + i, m Ay (72)
j=2
We shall now apply the difference equations to the problem of noise attenuation in a duct.
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MATRIX SOLUTIONS
The collection of the various difference equations at each grid point forms a set of
simultaneous equations which can be expressed in matrix notation as
{A} [p] = [F] (73)
where { A} is the known coefficient matrix, [p] is the unknown column vector containing
the unknown pressures, and [F] is the known column vector containing the various initial
conditions, where {A}, [p], and [F] are complex in general.
Equation (73) can also be expressed in terms of all real quantities. In order to ac-
complish this, the column vector [p] is written in terms of pil) and p(2 ) and the {A }
matrix is subdivided as follows
- _ 
(74)
Matrices of the form of equation (73) or (74) can be solved by elimination techniques.
In particular, the Gauss elimination technique is used to find solutions of equation (74) in
the example problems which follow. In this case, the computer storage limited the total
grid points to 100. However, when a much larger number of grid points is required for a
finite difference problem, a solution of the block tridiagonal form of the complex matrix
equation (73) appears to be the most efficient from both operational time and computer
storage considerations (personal communication from D. W. Quinn, Wright-Patterson
Air Force Base, Dayton, Ohio).
EXAMPLE PROBLEMS
Two examples are presented to illustrate the numerical techniques. Both examples
have analytical solutions; therefore, a direct comparison between the numerical and ana-
lytical techniques can be made. First, the simple case of plane waves propagating down
a hard-wall duct is presented. This case allows comparison of the numerical and analyt-
ical pressure profiles down the length of the duct. The second example compares the
numerical and analytical predictions of the attenuation in a soft-wall two-dimensional
duct.
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One-Dimensional Hard-Wall Duct
Numerical and analytical values of the pressure were computed for the special case
of a hard-wall duct with a pc exit impedance. The calculation was made for a duct with
an L/H of 1 and an inlet plane wave with a dimensionless frequency 71 equal to 1. The
analytical and numerical va ues of the acoustic pressure profiles p(x) along the duct are
shown in figure 8. Because there are no variations of pressure in the y-direction for
hard walls, the pressure profiles shown in figure 8 apply at any value of y in the duct.
As shown in figure 8, the agreement between the numerical and analytical results is good.
The dimensionless intensity I for a hard-wall duct is unity. For the pressure pro-
files shown in figure 8, p(1) has a value of unity, p(2 ) is zero, and the gradients of both
p(1) and p(2) are zero. Thus, the value of intensity found from equation (56) is identical
to 1, as expected.
A comparison with figure 3 indicates the essential differences between the trans-
formed numerical solution and the conventional numerical solution for the same problem.
Two-Dimensional Soft-Wall Duct
Maximum attenuation. - As another example of the finite difference formulation, the
noise attenuation at the optimum point (point of maximum attenuation in the impedance
plane) is now calculated for a two-dimensional duct with L/H values ranging between
0. 5 and 6 and input waves with dimensionless frequencies 77 = Hf/c of 1, 2, and 5. This
range of dimensionless parameters essentially covers the practical range of application
to turbojet suppressors. For a uniform inlet pressure profile the analytical result shows
that the values of specific acoustic impedance associated with the optimum point are a
function of these r7 and L/H values; that is, Copt = f(77,L/H). The values of the op-
timum impedance used in the numerical analysis were determined from the analytical
techniques presented in references 3 and 15.
The numerically calculated attenuations are compared to corresponding analytical
results (refs. 3 and 15) which are applicable to infinite ducts. The numerical results
(lines) and the analytical results (symbols) for the maximum attenuation are shown in fig-
ure 9. The analytical and numerical results are in very good agreement.
Based on the wave envelope concept, the numerical calculations shown in figure 9
used 10 grid columns in the axial direction. For 77 = 5 and L/H = 6, the standard finite
difference technique required 360 grid columns, according to equation (18). Thus, for an
m = 10, the total number of grid points has been reduced from 3600 to 100 when the wave
envelope concept is employed. Since the computer computation time is proportional to
the number of grid points cubed, this decrease in grid points represents a considerable
time savings.
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Acoustic pressure profiles. - Next consider the problem of a plane wave of dimen-
sionless frequency 71 = 1 entering a soft-wall duct of length L/H = 1 and the impedance
set at the optimum point. For this case, the transformed axial pressure amplitude pro-
files at various y-positions are shown in the upper portion of figure 10. The transverse
pressure amplitude profiles along the duct are shown in the lower portion of figure 10.
Near the wall (y = 0) the pressure amplitude remains near unity along most of the duct
due to the action of the impedance condition at the wall. Also, as shown in figure 10,
this pressure amplitude along the centerline remains near its hard-wall value at least
halfway down the duct. Thus, the pressure at the centerline is "unaware" of the soft ab-
sorbing wall until halfway down the duct.
This phenomenon is analogous to the problem of a developing laminar velocity profile
in the entrance region of a pipe. It takes a prescribed length down the pipe before the
growing laminar boundary layers at the walls meet in the center of the pipe to establish
the fully developed parabolic laminar flow profile. In sound propagation in ducts, it ap-
pears that a similar "acoustic pressure diffusion boundary layer" is being formed at the
walls and that it takes a prescribed distance down the duct before the acoustic pressure
diffusion boundary layers meet. If the height of the acoustic boundary layer is defined as
the point where the pressure drops from 1 to a value of 0. 95, the boundary layer growth
is shown by the dashed lines in the lower portion of figure 10.
In the entrance region of a pipe with viscous laminar flow, the flow energy is lost
through energy dissipation in the boundary layer near the wall. However, for the anal-
ogous idealized (no viscosity) acoustic problem, the viscous dissipation takes place out-
side the flow field inside the walls of the duct.
Effective frequency. - The question may logically be asked, how does the frequency
of the sound affect the acoustic pressure diffusion boundary layer growth? To answer
this question, the basic governing differential Helmholtz equation (5) is rewritten as
1 a 2 P 1 2 2
+ + (27r) 2 P = 0 (75)
2 ax2 72 ay 2
These dimensionless forms were convenient in solving the problem; however, other
choices could have been made. Now, let us define the new distance coordinates as
X = 77x 7 'f (76)
H c
Y = Y = Y'f (77)
c
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For y' = H, that is, at the upper surface of the duct,
Y = Hf at upper surface (78)
c
and at the exit
X=q L_Lf (79)
H c
With the new length coordinates, the governing Helmholtz equation (75) takes on the form
2p + + (2r)2 P = 0 (80)
ax 2  ay 2
In a similar manner, the impedance boundary condition (42) can also be expressed in
terms of the new length scales as
p =-i at Y = 0 and Y = (81)
8Y
The frequency 7 no longer appears explicitly in the differential wave equation or
boundary condition. Now, the frequency enters the problem through the limits of integra-
tion. Clearly, the dimensionless frequency can be visualized solely as an expansion and
stretching of the suppressor duct as defined by equations (78) and (79). This is illus-
trated in figure 11. At higher frequencies, the acoustic pressure diffusion boundary
layer does not penetrate into the larger duct fast enough to remove the acoustic energy.
Thus, as shown in figure 9, the attenuation of the suppressor ducts decreases at higher
frequencies.
Figure 12 displays the effects of higher frequency in a duct on the pressure profiles
and the acoustic pressure diffusion boundary layer. Figure 12(a) considers the case of
= 5 and L/H = 1, while figure 12(b) considers the case of ij = 5 and L/H = 5. A di-
rect comparison can be made between the pressure profiles for the 'q = 5 case in fig-
ure 12(a) and the q = 1 case in figure 10. For the 77 = 5 case, as shown in figure 11,
the effective height of the duct is much larger. As a result, as shown in figure 12(a), the
pressure at the centerline is unaffected by the presence of a soft-wall absorber at the
boundary until some value of L/H greater than 1. The pressures in the center of the
duct remain at their initial or undisturbed value for much longer distances. This is re-
flected by the lower noise attenuation as displayed in figure 9 for higher qj. Figure 12(b)
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shows that for r7 = 5 the acoustic pressure diffusion boundary layer reaches the center
of the duct at an L/H of about 2.
From figure 11, the requirement for equal grid resolution indicates that the number
of grid points m in the y-direction should be proportional to qj. Unfortunately, the
computer storage was insufficient to increase the number of grid points m the required
amount. This may account for the oscillations in the calculated pressure amplitudes
shown in figures 10 and 12. In the future, however, programming the matrix in complex
form, as suggested by D. W. Quinn of Wright-Patterson Air Force Base, Dayton, Ohio,
should handle the problem.
Finally, by defining the effective frequency 71eff as
77eff = (H) (82)
as was shown in reference 4, the optimal attenuation can be correlated as a function of
n7eff. This result is shown in figure 13. Similar curves can be obtained from Rice's re-
sults for circular ducts when AdB/(L/H) is plotted against 77. With the use of the di-
mensionless axial coordinate
xeff = x (83)
the boundary layer profiles and the pressure profiles become roughly similar for equal
values of tieff and xeff. This similarity can be seen by a comparison of the boundary
layer and pressure profiles of figures 10 and 12(b). In these figures, both xeff and neff
are equal to unity.
CONCLUDING REMARKS
Finite difference solutions using the wave envelope concept are presented for plane
wave sound propagation in a one-dimensional hard-wall duct and a two-dimensional soft-
wall duct for zero Mach number. The results show the numerical procedure to be in
agreement with the corresponding exact analytical results.
The wave envelope approach to the numerical problem reduces the number of grid
points in the difference solution by one order of magnitude compared to the conventional
difference technique. Because the wave envelope technique greatly reduces the required
computer storage and solution time, it would be useful if the technique could be applied
to skewed inlet pressure waves, varying area ducts, and ducts with axial variations in
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impedance. However, the proper function accounting for the amplitude and axial period -
icity must yet be developed for these more complicated problems.
Finally, the concept of an acoustic pressure diffusion boundary layer was intro-
duced, and its role in sound propagation in ducts was discussed. In order to better il-
lustrate this concept, the wave equation and boundary conditions are written such that the
frequency no longer appears explicitly in them. The frequency effects in duct propaga-
tion can be visualized solely as an expansion and stretching of the suppressor duct.
Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, April 23, 1974,
501-04.
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APPENDIX A
SYMBOLS
A coefficient matrix, eq. (73)
Al submatrix, eq. (74)
C submatrix, eq. (74)
c speed of sound
AdB decrease in decibels
E acoustic power, eq. (57)
F column vector, eq. (73)
f frequency
f(x) function of x
H duct height, fig. 1
I dimensionless intensity, eq. (54)
I' dimensional intensity
L dimensional length of duct, fig. 1
m total number of grid rows (points in y-direction)
n total number of grid columns (points in x-direction)
P dimensionless pressure, P(x,y) = P'/P'
P' dimensional pressure, P'(x',y',t)
PA initial pressure amplitude at x = 0
PO dimensional pressure, P' (x', y')
p dimensionless pressure, eq. (20)
P dimensionless column pressure vector, eq. (73)
t time
u dimensionless acoustic particle velocity
u' dimensional acoustic particle velocity, eq. (36)
X dimensionless distance, eq. (76)
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x dimensionless axial coordinate, eq. (4)
Ax dimensionless axial grid spacing
x' dimensional axial coordinate, fig. 1
Xeff x(H/L)
Y dimensional transverse coordinate, eq. (77)
y dimensionless transverse coordinate, eq. (4)
Ay dimensionless transverse grid spacing
y' dimensional transverse coordinate, fig. 1
Z acoustic impedance, eq. (39)
6 acoustic pressure diffusion boundary layer thickness, fig. 11
S dimensionless specific acoustic impedance
a dimensionless frequency, eq. (6)
77eff ?7(H/L)
o dimensionless specific acoustic resistance, eq. (40)
K acoustic conductance ratio
X acoustic axial wavelength
'1  wavelength of first radial mode, eq. (B5)
p density
a acoustic susceptance i-atio
x dimensionless specific acoustic reactance, eq. (40)
w circular frequency
Subscripts:
i, j axial and transverse indexes, respectively, fig. 4
x axial direction
y transverse direction
Superscripts:
dimensional quality
* complex conjugate
vector quantity
(1) real part
(2) imaginary part
25
APPENDIX B
GENERALIZED WAVE ENVELOPE EQUATIONS
The Helmholtz equation (5), repeated here for convenience,
a2P 2p + (2) 2 P =0 (B1)
ax
2  ay 2
was transformed to a new form by assuming
P = pe - i 2fn x  (B2)
where, as given in the body of the report (eq. (6)),
= (B3)
The wavelength associated with the assumed transformation in equations (B2) and
(B3) is
= c (B4)
f
This is the wavelength of a plane wave propagating in a hard-wall duct. Analytical theory
(ref. 15) indicates that the wavelength of the first propagating radial (y or transverse)
mode X1 in a soft-wall duct with an optimized acoustic impedance is approximately
equal to the wavelength in a hard-wall duct; that is,
X1 1  (B5)
This fact accounts for the good agreement between the numerical wave envelope theory
and the analytical theory. Off-optimum impedances can be found for which equation (B5)
is not a good approximation, and some ripple will probably result if the amplitude func-
tion given by equation (B2) is used. The plane input wave in a soft-wall duct consists of
many higher order transverse modes, each with different X's; however, most of these
modes carry very little energy (ref. 28, p. 308).
If higher order radial modes propagate through the duct (cut on), or if the inlet pres-
sure profile is in the form of a higher order radial mode, the axial propagation
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wavelength may be considerably different from the wavelength associated with hard-wall-
duct propagation. For these cases, based on equations developed in the body of this re-
port, the solution for the axial pressures may have large ripples. Although the govern-
ing differential equations are valid even if ripples are present, a sparse axial grid sys-
tem will no longer lead to accurate predictions of pressure and acoustic intensity. Con-
sequently, either the number of axial grid points must be increased or a better choice of
X must be made.
If a larger number of grid points is used, the wave envelope concept offers no real
advantage over the standard finite difference technique presented in references 24 to 26.
However, if the value of X can be determined by an iteration technique, the wave enve-
lope approach will still offer advantages.
If the input pressure wave is composed of two or more higher order radial modes
which are equally important, it may not be possible to remove the pressure ripple. In
this case, the analyst could use the standard difference technique of references 24 to 26,
or he could Fourier decompose the inlet pressure wave into each of its radial components
and treat each component separately by using the wave envelope concept. For the latter
approach, the total intensity is composed of the intensity of the individual modes plus the
coupling of energy between modes, as shown in reference 4.
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Figure 1. - Schematic of turbojet suppressor duct using a Helmholtz resonator.
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Figure 2. - Dimensionless (scaled) Cartesian coordinate system
for suppressor duct.
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Figure 3. - Analytical and numerical pressure profiles for one-
dimensional sound propagation in hard-wall duct. Dimensionless
frequency i =- 1. P - Pl) + ip(2 ).
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Figure 4. - Grid-point representation of two-dimensional flow duct.
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Figure 5. - Typical pressure profile for
sound propagation in a soft-wall duct
for dimensionless frequency 77= 1
and duct length L/H = 1.
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Figure 6. - Typical pressure profile for sound propagation in a soft-wall duct for dimensionless
frequency 7 = 1 and duct length LIH = 3.
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Figure 7. - Integration cells for establishing difference equations.
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Figure 8. - Analytical and numerical dimensionless acoustic pressure profiles for sound
propagation in a hard-wall duct. Dimensionless frequency 71 = 1; number of grid
columns n = 4; p p(l) + ip(2).
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Symbols denote analytical solution of Rice (ref. 1)
Lines denote numerical calculation with n = 10 and m = 10
(symmetry)
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Figure 9. - Effect of axial length and frequency on attenuation at
optimum impedance in two-dimensional duct,
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Figure 10. - Pressure amplitude fluctuations along duct at
optimum impedance for dimensionless frequency 7 = 1,
dimensionless duct length L/H = 1, number of grid rows
m = 10, and number of grid columns n - 10.
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Figure 11. - Effect of dimensionless frequency on relative size of suppressor duct in X-Y coordinates for constant
duct height and a dimensionless duct length L/H 1 for optimum acoustic impedance.
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Figure 12. - Pressure amplitude variations along duct at optimum
impedance for dimensionless frequency 77 = 5 with number of
grid rows m = 10 (symmetry boundary) and number of grid
columns n = 10.
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Figure 13. - Relation between optimum attenuation and effective
frequency.
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